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Abstract 

In this paper we obtain new results concerning maximum modulus of the 
polar derivative of a polynomial with restricted zeros. Our results generalize 
and refine upon the results of Aziz and Shah [An integral mean estimate for 
polynomial, Indian J. Pure Appl. Math. 28 (1997) 1413-1419] and Gardner, 
Govil and Weems [Some result concerning rate of growth of polynomials, East 
J. Apporox. 10(2004) 301-312]. 

1. INTRODUCTION AND STATEMENT OF RESULTS 

The problems in the analytic theory of polynomials concerning derivative of the poly- 
nomials have been frequently investigated. Over many decades, a large number of 
research papers, e.g, |], |], ||, f|, ||, |], [CO have been published. 
If p(z) = J2m=o a rnZ m is a polynomial of degreen, then 

max |p'(z)| < nmax (1) 
z|=i M=i 

The above inequality, which is an immediate consequence of Bernstein's inequality 
on the derivative of a trigonometric polynomial is best possible with equality holding 
for the polynomial p(z) = Xz n , A being a complex number. 
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It is noted that in (1.1) equality hold if and only if p(z) has all its zeros at the 
origin and so it is natural to seek improvements under appropriate assumptions on 
the zeros of p(z). 

If p(z) having no zeros in \z\ < 1, then the above inequality can be replaced by 

Tl 

max|p'(*)| < -max|p(*)|. (2) 

\z\=l I \z\=l 



Inequality (2) was conjectured by Erdos and later proved by Lax |10 |. On the other 
hand, it was shown by Turan |L2| that if all the zeros of p(z) lie in \z\ < 1, then 



Tl 

max\p'(z)\ > -max\p(z)\. (3) 
|x|=l Z |*|=1 

The above inequality was generalized by Govil |9[]. Who proved that if p(z) is a 
polynomial of degree n having all its zeros in \z\ < k, then for k < 1 

Tl 

max \p'{z) | > — — max \p(z) | , (4) 

|z|=l 1 + K |«|=1 



and for k > 1 



Ti 

max|z/(z)| > — m&x\p(z)\. (5) 

|*|=i l + k n |*|=i w 



Both the above inequalities are best possible with equality in (4) holding for p(z) = 
(z + k) n , while in (5)the equality holds for the polynomial p(z) = z n + k n . As an 



extension of (2) was shown by Malik [JTTJ that, if p(z) ^ in \z\ < k, k > 1, then 

Tl 

max \p'(z) | < — — max \p(z) \ . (6) 

|*|=1 1 + K |*|=1 

Equality in (6) holds for p(z) — (z + k) n . 

By considering a more general class of polynomials p(z) = a + J21=n a v zl ' ■> 1 — 
jit < n, not vanishing in |z| < fc, > 0, then for < r < R < k, inequality (6) is 
generalized by Aziz and Shah [|J by proving 

max \p'(z) | < nW 1-1 — [max \p(z) \ — min \p(z) \] . (7) 

\z\=R ( r M_|_^M) M \z\=r \z\=k 

Equality in (7) holds for p(z) = {z^ + k^)! 1 where n is a multiple of /i. On the other 
hand, for the class of polynomial p(z) = a n z n + X]"= M a n-u zn ~ u , 1 < < n, of degree 
n having all its zeros in \z\ < k, k < 1, Aziz and Shah proved 

n 1 
max|j/(*)| > — -r-{max|p(z)| + __ min |p(z)|}. (8) 
|*|=i 1 + k^ |z|=i k n 11 \z\=k 
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Let D a {p(z)} denote the polar derivative of the polynomial p(z) of degree n with 
respect to the point a, then 

D a {p(z)} = np(z) + (a - z)p'(z). 

The polynomial D a {p(z)} is of degree at most n — 1 and it generalized the ordinary 
derivative in the sense that 

hm [^M>] = A z) 

Dewan extended (8) to the polar derivative of a polynomial and proved the fol- 
lowing. 

Theorem A Let p(z) = a n z n + Y^l=a a n-vZ n ~ u , 1 < /x < n, be a polynomial of 
degree n having all its zeros in \z\ < k, k < 1. Then for every real or complex number 
a with \a\ > we have 

. n(|ot| — . . ., . \a\ + 1 . 

max \D a p{z)\ > — ; max \p(z) + n{- r^) m 

\z\=i l - 1 + |z|=i' Wl y k n -v{l + k^)' 

,k» - An. . ,. nfA, - W) 

n{ — ) max \p(z) \+ - — — T^ m , (9) 

V 1 + ^ ; |*|=i n k n (l + k») V ; 

where m = min^^ \p{z)\ and 

,4 



n(\a n 




-^)k^ + /j\a n . 


-/< 


k» 


-i 


n(\a 


•n 


-^)k^ + fi\a n 







Dividing both sides of inequality (9) by |a| and let \a\ — > oo we get (8). 

As an extension of (6) to the polar derivative of a polynomial, we have the following 
result due to Dewan ||. 

Theorem B If p(z) = a n z n + Y^v=u a n-uZ n ~ u , 1 < /i < is a polynomial of degree 
n having no zeros in \z\ < k,k > 1, then for every real or complex number a with 



Id > L 



Ti 

max\D a p(z)\ < — {(|at| + k^) max \p(z) \ - (\a\ - l)m} (10) 

\z\=l 1 + k^ | 2 1 =1 



where m = min \p{z)\ . 

\z\=k 

The above theorem is an extension of a result of Aziz |L] and for fi = 1, it reduces to 
a result of Aziz and Shah [TJ] . 

In this paper, we first obtain the following generalization of inequality (8) which 
is also a refinement of inequality (9). 
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Theorem 1. Let p{z) = a n z n + Y^v=u a n-vZ n ~ u , 1 < /i < n, be a polynomial of 
degree n having all its zeros in \z\ < k,k < 1 and a is any real or complex number 
with | a | > , then for rR > k 2 and r < R, we have 

+ £^)m _1 

max |Z) Q p(2;)| > n(i? M_1 |o!| - max \p(z)\ 

\z\=r ( r M + ^)f l*l=»- 

nffl^lal +W) . . ,. 

H — ; tt; : — : — mm 

k n -»(R^ + k») \z\=k lFK n 



|M ( ^ + Jb^)°- ] 

n 



+ - i?M^) v 7 „ ,„ xa max |p(z) 



_ ^/jr/^Nn _ + min (11) 



where 
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n(|a n | - 


m \ fc 2fl 1 ] 1 k^~ x 


\a n \ 


- f:)^- 1 + /x|a n _ M | 



and m = min 

|z|=fc 

Remark 1. For R — r — 1 theorem 1 reduces to (9). 

Remark 2. Dividing the two sides of (11) by \a\, letting |a| — > oo, we get 

. nR»-\R» + k»)-»- 1 . . .. ni^" 1 . . .. 

max \p (z)\ > n max \p[z)\ + : ; — - mm \p[z)\ 

\z\=R lyKJl ~ ( r M + ^)M M=r k n -' t (Rt t + N=fe' W ' 

This includes inequality (8) as special case. The following result immediately follows 
by taking k — 1 in theorem 1. 

Corollary 1. If p(z) = a n z n + Y^v=u a n-uZ n ~ u , 1 < /i < n, be a polynomial of 
degree n having all its zeros in \z\ < 1 and a is any real or complex number a with 
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a; | > j^f-i , then for rR > 1 and r < R, we have 



max \D a p(z)\ > mm 

| 2 |=r' - ^ + 1 1*1=1 1 V " 

+ + max|p(z) 

.hARP + i)*- 1 



where 



+ n(l-R»A" u y ' „ max|p(z)| 

p (r^+lV |z|=r 

ng%gMg - 1) . 
H ; ! — ; mm \p(z)\ 

(i^ + 1) 1*1=1 ;l 

nR^ 1 R (Rv + 1)^ 

+ ( S rTT)(H-^)K 7 )"-^ T f IgsWOI. d3) 



^4 

M ni?(|a n | — m) + /i|a 



n— /i | 

and m = min 

z|=l 

We next prove the following result which is a generalization of the inequality (7), and 
result due to Gardner, Govil and Weems [Q. 

Theorem 2. If p(z) = ao + Y12=m a ^ zl ' ■> 1 — m — n i De a polynomial of degree n 
having no zeros in \z\ < k, k > 1 for < r < R < k, then for every real or complex 
number a with |a| > R, 

^ n(R m - 1 \a\ + k m ) w R m + k m ^ 
max \ U a p(z)\ < : ( : — )™max \p(z)\ 

\z\=R l ~ R m + k m ^ r m + J i m> W=r l^ 

^ m _|_ 

— (( — )™ — 1) min \p(z)\] 

— „ mm \p(z) \. (14) 

R m + k m \z\=k 1 v 71 v 7 

Equality in (14) holds for p(z) = (z m + k m )™. 

Remark 3. For R = r = 1 theorem 2 reduces to theorem B. 

Remark 4. Dividing the two sides of (14) by |a| and letting |a| — > oo, we have the 
following inequality, which is an improvement as well as a generalization of a result 
proved by Bidkham and Dewan || 

nR m ~^(R rn + & m )™> ^ 
max\p'(z)\ < „ m {max|p(2:)| - min \p(z)\}. 

\z\=R (r m + /c m )>» \ z \= r \z\=k 



The result is best possible and equality holds for the polynomial p{z) = (z m + k m ) m 
where n is a multiple of m. 

2. LEMMAS 

For the proofs of these theorems we needs the following lemmas. 

Lemma 2.1. If p(z) = a + 'Y^ =m a uZ v ■, 1 < m < n, is a polynomial of degree n 

such that p(z) ^ in \z\ < k, k > 0, then for < r < R < k, 

r m _)_ fc m n r m _|_ fc m 
max \p(z)\ > ( : — )™ max \p(z)\ + [1 — ( : — )™1 min |»(z)|. (15) 

Here the result is best possible and equality hold for the polynomial p(z) = (z m +k m ) m 
where n is multiple of m. This result is due to Dewan [7]. 

Lemma 2.2 . If p(z) = ao + Y^u=u, a v zl \ 1 < < n, is a polynomial of degree n 
having no zeros in \z\ < k, k > 1, then for every real or complex number a with 



la] > 1 



max \D a p(z)\ < = — T C I a; I + & M ) max \p(z)\ — (\a\ — l)m}, 

\z\=l ' Q ^ W| -1 + ^ LVI ' ^ |z|=l ' V 71 V ' ' 7 J 



where m = min |p(z)|- 
| 2 |=fe 

This result is due to [6]. 



3. PROOF OF THE THEOREMS 



Proof of theorem 1. By hypothesis the polynomial p(z) = CL n z n +^2 7 l =fl a n _ u z n ~ v , 1 < 
p < n, has all its zeros in \z\ < k, where k < 1, therefore it follows that F(z) = P(Rz) 
has all its zeros in \z\ < -|, where -| < 1 and \a\ > (|r) M . Applying inequality (9) to 
the polynomial F(z) we get 

w*x\D a F(z)\ > ^Jf'^ msx\F(z)\ 

|a| + 1 

+n( (i)-d + fe) ) iA |FWI 



n(( ^ fc ^ } max \F(z)\ + ^ ■ ^ , min^ |F(s)|, (16) 



where 



4' 



n(|a n | - 


fen ) r/j, ~r h L \ a n~/i\ 


ni?( a„ 





and m = min |p(z)|, 

\z\=k 

which is equivalent to 

n(\a\R^ — k^ 1 ) 

m&x\np(Rz) + (a — z)Rp'(Rz)\ > ; max\p(Rz)\ 

\z\=i l K ' v ' v n - R» + k» \z\=l 

nR n (\a\ + l) , fn (K^-R^A') 

H ; mm \p[Rz)\+n — ; r— max p (Rz) 

K n -f(R" + K*) \z\=k/n ; 1 (R» + jfcA*) | z |=i ' 

nR n (R fJi A l - 

+ k^+k») a |p(ib)1, 

which gives 

/ n / o w/ m ^ ndai?!^- 1 -^) . . 

max \np{z) + [aR — z)p {z)\ > ; max \p{z)\ 

\z\=R R^ + \z\= R 

n(\aR\R n ~ l + R n ) . ., .K*-WA' 
H — — — — mm pm + n( — — -j max \p(z)\ 



nR n {R' 1 A' ll - k») 



min|p(z)|. (17) 



k n (R^ + kv) | 2 |=fc 

On other hand, since p(z) has all its zeros in \z\ < k, k > therefore it follows that 
q(z) = z n p(^) 7^ for \z\ < 1/k. Applying inequality (15) to q(z), we get 

max \q(z)\ > f-^r tt^—) 71 max \q(z)\ + [1 - (-^r tt^—) 71 } min 

| 2 |=i/K m yi v (I)^ + (I)m 7 k |=i/ r |yv (^)^ + (7:)^ Nl=i/fc 

, which gives 

_|_ ^ „ ^ _|_ „ 

max |p(z)| > ( : — V max |p(^)| + f(— )™ — ( : — )H min |p(z)|. (18) 

| 2 | =i? ^ wl - v r ^ + fc^ y | 2 |=r'^ wl LV r K r^ + k' J ' J W=fc 

From (17) and (18), we have 

max|D Ra p(2)| > nfla-Kli^ -1 - H^max|p(z)| 

|z|=R ( r /*_|_fc/x)„ | 2 |=r 

nf^-Mai?! + iT) | / \ i 

H ; tt; — mm \p{z)\ 

k n -»(Rv + k») \z\=k lF( n 



(r^ + ^) m kl=r 



+ n(P - RPA'J K ■ max \p{z) 



nR n (R^A' - 

H — — — - . — min p(z) 

k n (Rv + k^) \z\=k lFK n 

nRT-t _ RA , ^Ry _ ( Rli + ^ )h m in \p(z) 



which is equivalent to (11). 
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Proof of theorem 2. By hypothesis the polynomial p(z) = ao + Yl™=m a v zU ■> 1 — 
m < n, having no zeros in \z\ < k, where k > 1, therefore it follows that F(z) = p(Rz) 
having no zeros in \z\ < 4, where 4 > 1. Hence using lemma 2 for \a\ > 1. we have 



R , ..^^ R 

TL j- , I , , k 



m^\D a F{z)\ < - ; , fcw , {(|a| + (-r)max|F(z)| - (|a| - 1) , minjF(z)|}, 



which is equivalent to 



max|np(ife)+(a-z)iy(.Rz)| < r— {(|a| + (— ) m ) max \p(Rz)\-(\a\-l) min 

|jb|=1 1 + ("|) m A |z|=l |z|=fe/fl 

Replacing Rz by z we get 

max L/ffapu < max p z 

\ z \=r ] HaF ^ " ~ R™ + k m \z\=R 



n{R m ~ l \Ra\ - R r 



(R m + k m ) \z\=k 

for R > 1 
or 



min \p(z) 



.mi 



max DaPU < ^ ; max \p(z) 

\z\=R l ~ R m + k m \z\=R lrK ' 



n(R m - l \a\ - R m ) . , 

; min|p(z)|. (19) 



(R m + k m ) \z\=k 
By combining (19) and (15) we get (11). 
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